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Abstract

We compute the critical behaviour of three-dimensional scalar theories using a new exact
non-perturbative evolution equation. Qur values for the critical exponents and other universal
constants agree well with previous precision estimates. The evolution equation describes the scale
dependence of the effective average action (coarse-grained effective action). It is not restricted
to critical phenomena and can be used in the presence of massless (Goldstone) modes dealing
successfully with the infrared problems. Our results establish the viability of our method for
precise computations in a non-perturhative context.
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Ahstract

‘Within the exact tenormalisation group, the scaling solutions for O(N) symmetric scalar field
theories are studied to lzading order in the derivative expansion. The Gaussian fixed point is examined
[ur d > 2 dimenstons and arbitrary infrured regularisation, The Wilson—Fisher lixed point ind =3
is studied using an optimised flow. We compute critical exponents and subleading corrections-to-
sealing to high accuracy from the cigenvalucs of the stability matrix at eriticality for all V. We
estahlish thar the aptimisation is ible for the rapid we of the finw and palynomial
truncations thereof. The scheme dependence of the leading critical exponent is analysed. Fer all
N =0, it is found that the leading exponent is bounded. The upper boundary is achieved for a
Callan-Symanzik flow and corresponds, for all N, fo the large-N limit. The lower boundary is
achieved by the optimised flow and is closest 1o the physical value. We show the reliability of
pulynomial approximations, even (o low orders, if they are accompanied by an appropriale chuice
for the regulator, Possible applications to other theories are outlined. © 2002 Publishad by Elsevier
Science B.V.
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Infrared behavior in systems with a broken continuous symmetry: Classical O(N) model versus
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In systems with & y broken symmetry, the p ive loop expansion is plagued
by infrared divergences due o the coupling between transverse and longitudinal fluctuations. As a result, the
longitudinal susceptibility diverges and the sclf-cnergy becomes singular at low energy. We study the crossover
from the high-enerzy Gaussian regime, where perturbation theory remains valid, to the low-energy Goldstone

regime characterized by a diverging longi y. We consider both the classical linear O (N') model

and interacting bosons at zero temperature, using a vatiety of ion theory,

approach (ie., for bosons, Popov’s theory), large-N limit, and nonperturbative renormalization group. We
emphasize the essential role of the Ginzburg momentum scale pg, below which the perturbative approach breaks
down. Even though the action of (nonrclativistic) bosons includes a first-order time derivative term, we find
remarkable similarities in the weak-coupling limit between the classical O(A') model and interacting bosons at
zero temperature.

N. Dupuis, Phys. Rev. E 83, 031120 (2011).
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We compute the eritieal exponents v, 7 and  of O(N') models for various values of N by implementing the
derivative expansion of the i ization group up to next-t to-leading order [usually
denoted O(3*)]. We analyze the behavior of this approximation scheme at successive orders and observe an
apparent convergence with a small parameter, typically between 4 and L. compatible with previous studies in
the lsing case. This allows us (0 give well-grounded error bars, We obtain a determination of critical exponents
with a precision which is similar or better than those obtained by most field-theoretical techniques. We also
reuch a better precision thun Monte Carlo simulations in some physically relevant situations. In the O(2) case,
where there is a long-standing controversy between Monte Carlo estimates and experiments for the specific heat
exponent e, our results are compatible with those of Monte Carlo but clearly exclude experimental values.

G. De Polsi, I. Balog, M. Tissier, and
N. Wschebor, Phys. Rev. E 101,
042113 (2020).
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Weakly-interacting Bose gas

* We will apply the FRG to the weakly interacting Bose gas.
* We recall that the microscopic action of this system is

st = [ 60 (0 = 57 — ) 0to) + S0 @)

* This microscopic action will be used as the starting point for
solving the Wetterich equation.

/
/
/*———‘
I
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Classical field approximation

For simplicity, we will start examining a classical model. To do
this, we will work within the classical field approximation.

We write the fields as

O(1,®) = dp=o(@) + T Y " ou(x).
n#0
At high temperatures (near the phase transition), the system
Is dominated by fluctuations for momenta

27
1
|Q‘§)\th, Ath = VT

In such a regime, the non-static modes (n#0) decouple from
the static one (n=0).

Therefore, we can neglect the terms with n#0.
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Classical field approximation

For n=0, we can integrate 7 directly. We obtain

=6 [ da|6@) (~ 37— ) @) + 46! @2’

Note that we renamed ¢, as ¢.

We have decreased the dimension of the system from d+1 to
d.

This is called a dimensional reduction. Therefore, we will
work with = and ¢, instead of z= (1,xz) and g=(w,,q).

Mod. Phys. 76, 599 (2004).

This model is much easier to study, as there are no
Matsubara sums.
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Real fields

 |tis convenient to parametrise the fields as follows
d(x) = VMT(p1(x) +ida(x),  ¢'(x) = VMT($1(x) —iga()).

* Therefore, we work with real fields ¢, and ¢, instead of the
complex fields ¢ and ¢'.

* The spontaneous symmetry breaking is easy to implement
with these real fields.
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O(2)-model

* With the new fields, the microscopic action now reads

Sigl = [ de |J[T@P + P2+ (H1e*@|

where ¢=(¢1,¢:), P>=di+¢3, (V9)*=(V1)*+(V¢»)?, and
ro = —2M7T u, uy = 12M?2¢T.

* This is known as an O(2)-model. This can be done because
the U(1)- and O(2)-symmetries are isomorphic.

* |t enables us to study the critical behaviour of Bose gases.

* |n the following, we will study this model with the
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Functional renormalisation group for the O(2)-model

 We aim to solve the Wetterich equation
Ol = %tl“ [8;372;6(1“,(5) + Rk)_l] :

with the microscopic action as the initial condition.

* However, the Wetterich equation can rarely be solved exactly,
as one generally has an infinite hierarchy of equations,

va/ / F( )[‘Pvi’flv--- n)P (1) p(Tn).

ny 6T
pm) _ 9"

o 5.0

* |n these cases, one proposes a truncated ansatz for I;.

> Vertex expansion.

> Derivative expansion.
Classical fields

e = ()
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Derivative expansion

In the derivative expansion (DE), we expand the effective
action in terms of the fields and their derivatives.

@, 9>, ¢, .., (Ve)?, (Vo)', ..o’ (Ve)?, ...

* |t works because the Integrals are dominated by small
momenta due to the effect of the regulator.

* The terms need to respect the symmetries of the original
model.

* Despite the expansion, the FRG is still non-perturbative.

* This is because it is not an expansion in terms of the physical
Inputs, such as the interactions.
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Local potential approximation

* The lowest order of the DE corresponds to the local potential
approximation (LPA).

* For the O(2)-model, the LPA ansatz reads
1 o
Fk[QO] = /dzc [5[V§0($)]2 + Uk(,O(ZE))] ’ Clags;,lial<1(’;be>lds

where p=(¢i+¢3)/2 and

Ak

Uk (p) = uor +mi(p— pox) + 7(P — po.k)’,

U

Is the effective potential. This has been
expanded around the minimum p.

« The couplings u;o, m?;, Ay, and pgy
depend on the scale k.

ICCUB (06/07/2026)
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Effective potential

* The equilibrium condition reads

U, 0

— = 0.
0’0 P=PO0,k

» This means that po = ©3/2 e(q) — $od(q)

Vacuum expectation value

por >0, m; =0 : Symmetry is broken (broken phase)

pox =0, mi >0 : Symmetry is not broken (symmetric phase)

* Therefore, the physical phase of the system is dictated by
the values of py and m? in the physical limit £k—0.

* The minimum acts as the order parameter.
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Flow equations

* We follow the flow of u,, m?, Ax, and py;, instead of that of I;.
Therefore, we need a flow equation for each coupling.

* These are obtained by differentiating the Wetterich equation.

* By noting that 0,U,=0,I., we have that

1
LU, = §tl“ [6kRk(F,(€2) + Rk)_l} :

 Then, the flow equations are

, Nz h
Oxmy — AkOkpox = 5 Ok Uk , | 9
p P=po0,k :25:
) G
Ok = (%@J@ |

7P p=pox )

* Note that when p >0, we set m3#=0, and viceversa.
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Flow equations

 To compute the flow equation, we first write the ansatz in
momentum space

relel = [ L lor-aei@) + ea(-a)eala)

+201(q)p1(q")p2(q" )p2(—a —q' — q")

oa(@pa(@)ea(d" Voo (—a — ¢ q”>>]

—Po Uq p1(—q)p1(q) + wz(—q)m(q)] - po)-
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Flow equations

* The next step is to take functional derivatives,

2 (2) (2)
F](f)(q) — 0 Fk <F(2,9)01901 F(,BO1902> o
590(_‘1)80((1) Fk P2p1 Fk,@zm Chpe = opi(—q)pi(q)

» After evaluating at the background fields

901:\/277 902:07

we obtain
P1
r'?(q) = (4 + mj + Ak(3p — po,k) 0 )
g 0 q® +mi + Me(p — po.x)
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Flow equations

* The regulator matrix is

Ri(q) = (R’“O(q) Rko(q>) |

* Therefore, the propagator is

— (7'? -1 _ [ Eu kl(CI;p) 0
Gelq) = (1 (@) + Ru(0) —( " : )

Es k(q;p)

where
FE11(q;p) = q2 + mi + Ae(3p — po,k) + Ri(q),

E2k(q; p) = @ +mi + Ai(p — pok) + Ri(q),

are the regulated energies.
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Flow equations

* Note that if we evaluate at the minimum p=p,,
E1 k(g pok) = @° + mj + 2 epok + Ri(q),
B3 1(q; pok) = @° + mi + Ri(q).

* Therefore, the real direction ¢, represents the longitudinal
Higgs mode.

* |n contrast, the imaginary direction ¢, represents the gapless
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Flow equations (driving terms)

* Finally, we have that

1 @) . 1/ 1) 1 )
U = =tr |0 R (I, + R = — + O R (q).
PR g [k (T 2 ] 2 q((El,k(q;py Fs 1(q;p) +Ri(9)
Higgs

* By differentiating, we obtain the driving terms

0 Ak 3 1
_akUk) — T4 + 8kRk(q),
(6,0 P=p0,k 2 q (E%,k:(q;p(),k) ES,k(Q?ﬂD,k))

(aQaU) A%/ ) + : Ox Rk (q)
0p? p=po.r 2 Jq Eik(fﬂpo,kz) ES,k(q;po,k)

* |n principle, these are integro-differential equations.

* To solve the flow, we need initial conditions and a requlator.
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Initial conditions

For the initial conditions, we set

Then,

%[VSO(CL’)]Q + Un(p(z)) = %[VSO(:E)]Q + S0 (@) + e (@)

9 41

For the relevant case of positive chemical potential
(ro=-2m1u<0), we obtain the following initial conditions

mi:(), IOO,A:—BTO/UO, )\A:UO/S.

Therefore, the flow starts in the broken phase.
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Regulator

* |n principle, the physical results should not A T,

depend on the regulator choice. [
* However, due to the truncation of the ansatz, KA

the results do depend on the regulator. 7 .

J. Pawloski et al., Ann. Phys (N.Y.) 384, 165 (2017). (. Q szo

: . . : Tho0 o onac

 There are different typical choices. One is S Vi

the exponential regulator Soluions. Figurs taken from N. Duptis et i,

5 Phys. Rep. 910, 1 (2021).
q
Ri(q) =

exp(q?/k?) — 1

 |[n these lectures, we will use the
optimised Litim regulator

D. Litim, Phys. Lett. B 486, 92 (2000).

Ri(q) = (K* — ¢*)O(k* — ¢°).

N :
. Exponential
~,

~
~
~
~
~
\N
~
~—o
-
‘‘‘‘‘

all © : Heaviside step function
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Flow equations (driving terms)

* For the employed ansatz, the Litim regulator enables us to
integrate the momentum integrals analytically.

> Differential equations instead of integro-differential ones.
* The k-derivative of the Litim regulator
8kRk(q) = 2k@(k2 — q2).

* Therefore, the integrals are confined to |q|€[0,k|, where the

regulated energies become independent of g,
Ri(q) = (* — ¢*)O(k* — ¢*).

E1x(q;por) = @ +mi + 2 kpok + Ri(q) —Iﬁmi + 2)\k,00,k7]
Er ik (ks pok)

Eo1(q; pox) = q° +mi + Ri(q) = k* + m3.
FEs (k)
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Flow equations (driving terms)

* Therefore, for the Litim regulator, the driving terms read

0 Ak 3 1
—akUk) = — + Qk/ :
(8,0 P=Pp0,k 2 (E%,k<k5p0,k) E%,k(k)> lq|<k

2 22 9 1
akUk) _ A n Qk/ .
(8,02 p=por 2 Eik(k;PO,k) E%k(k) ql<k

* The remaining integral is

/ S /’“ i1, _ Sa k
R e A DY TR

where S,=27%2/1(d/2). Thus,

i—3 1 4m 3 / i—o 1 2
k — k“.
/|q|<k (27)3 3" | @2m2 "

*The volume has been absorbed into the effective action.

Felipe Isaule
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Flow equations

* Finally, the full flow equations for the Litim regulator are

O — M\,0 A ) T Sk
my — = —
kI = AkTRPO "\ (k2 4+ m? 4+ 20p00)? | (K2+m2)2) 2m)d d

9 1 S, kdtl
A = \2 .
Ok = A ((k? T Dupon? +mz>3) 2r)d d

* These can be solved numerically with standard routines for
numerical integration.

* Note that we start with p, >0, and fix m3=0. If py; vanishes at a
finite scale k., then mj? is allowed to flow for k<k,.

Felipe Isaule
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Flow equations (two last remarks)

* In general, one solves the flow as a function of the

t = log(k/A),
from t,=0t0 t—o0.

* Additionally, the flow has to start at a high UV scale above the
relevant scales of the system.

* |n our model, the only scale is given by the
PR = \/ 2|10] o A > py.
* This ensures that at high scales

By p(k;por) = k% + 2X\ppor ~ k.
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Flow examples (d=3)

Normal phase

--------------- A

150+ F ro=-1
0.25; A=10%p,
I 0.20 7 uy=0.02
1007 Condensate Up=0.031405
= - (Broken symmetry) < 015F u,=0.04
T A S :
50F 0.10 -
- Critical point 0.05 *
OoF— AI ........ 0 0.00F
-8 -6 -8

log(k/N)

 The blue lines show a flow for a symmetry-broken system,
while the green lines show a flow for a symmetric system.

 The critical point corresponds to the flow where p, vanishes
exactly at k=0. A flow near the phase transition is shown by
the orange lines.
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When to stop the flow

* The couplings should saturate to a finite value or to their
asymptotic behaviour for small %.

1.0}
0.8}

06f

A A

0.4f

0.2

e This saturation is reached below the relevant scales of the
flow.

E1k(kipok) = k2 +mi + 2 pok  —  Kinien <<[mi + 2>\/~epo,k-]
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LPA’

* The first improvement to the LPA is to consider a flowing field
renormalisation Z,.

 This is referred to as LPA’. The new ansatz reads

A
il = [ de | 2T + Uilp(o)|.
where the effective potential remains unchanged.

 The coupling Z, flows with k, and thus it has its own flow
equation.

e |ts initial condition is
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LPA’ (regulated energies and regulator)

 The propagator maintains its form with modified regulated
energies

Erk(a; p) = Zkq® +mi, + Ak(3p — po.k) + Re(q),
Ea k(g;p) = Zrq® + m% + Ak(p — pok) + Ri(q).

* The regulator is also changed. The Litim regulator now reads

Ri(q) = Zi(k* — ¢*)O(k* — ¢°).
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LPA’ (driving terms)

* Firstly, we revise the flow equations for the effective
potential.

* The driving terms have the same form

0 ) Ak 3 1
—oLU = —— + O Ri(q),
<a’0 o P=P0,k 2 Q<E%,k(q;p0,k) Eg,k(q)> : k( )
62
(57%%)

)\% 9 n 1 O Ri(q)
— 5 kLVk .
P=po.k 2 q Eik(qmo,k) Eg,k(Q)

* However, in addition to the changes of the regulated energies,
the derivative of the regulator also contains a term with 0.Z,.

For the Litim regulator

OxRi(q) = 2kZ1,0(k* — %) + (k* — ¢*)O(k* — ¢*)0rZs.
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LPA’ (driving terms)

* The new driving terms read
%
(5:201)
82
(50 )
* One obtains

Oem2 — XeOrpor = —\ 5 + ! Se KT Zit - 0.7
k1, EOEPOk = k (Zkk2+m;%+2)\kp0,k)2 (Zkk2+mi)2 (27T)d d k d—+ 2 K4k |

(2k Z, +k28kzk)/ _aka:/ q2] 5
lg|<k lg| <k
(2kZy, + k>0 Zk,) /

—8ka / q2 .
lgl<k lg| <k

Py 3, 1
P=p0,k 2 E%,k(k;po,kﬁ) Eg,k(k)

a2 0
P=p0,k 2 E%,kz(k;p(),k') Eg,k(k)

OAE = \2 ) i L Sa_ kT Zot - 9.7
WO\ (Zek? +m2 4 20p0.0)% | (Zek?2+m2)3 ) (2md d \TF T d427F )
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LPA’ (driving terms)

* Now, we compute the driving terms for Z,. It is obtained from
~ 5 N o
_ (2) 2
L2 = <(7p2 6‘krk,¢m (P)) pzpo,k,pZO’ §
3
where . -
2
(2) ol 2
I'y” (p)= :
b oo (P) 0pi(—p)wi(P)

Therefore, we need the flow of the two-point function I;,®,

Also note that we extract the flow from the
(92,02).

The reason for the latter will become clear later in these
lectures.
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One-point function

_ (7@ . -1
« We start from the Wetterich equation Gula) =1 (@ +Rla)

Ol = %U‘ 0 Ri(a)Gr(q)]- q@

g: internal momentum

* By taking one functional derivative, the flow of the one-point
function I(Vis dictated by

b _ 0
8I€Fk,90i o 5901((:)) akrk i !
! (3)
= —5tr [8kRk(Q)Gk(Q)Fk,% (0, ¢, _Q)G’“(q)} !

g: internal momentum

where we have used that

5F(2)
0p:Gr = —Gil\VGy, TV = 5; .
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Two-point function

* The flow equation of the two-point function IVis obtained by
taking a second functional derivative

52

(2) _
R P
= st [0 Ru(@CL@T, . (b, —p.a.~0)Ci(a)]
9 k/VE k k,pip; » 4 k
+tr [akRk(Q)Gk(Q)FIS?M (p.q,—q - P)Gi(q + P}, (—P,q + P, _Q)Gk(Q)] :
where
(4)
Fk,cpisog
* |In diagrammatic form
q q
p p g: internal momentum

p: external momentum
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Vertices

e The relevant vertices are

and

 Both are momentum-independent.

* Therefore, for this ansatz, we do not have to worry about the
correct order of the momenta.

* Note that the evaluation at the background fields must be
done after taking all the functional derivatives.

Lecture 2: FRG for the O(2)-model ICCUB (06/07/2026)



Two-point function

» After some algebra, one obtains

8,1\ (p)

k,p2p2

2po A / ! + ! Ox Ry (q)
— 4Pk L I .
p=po.i g \ Ere(@+p;por)E3 (@) E3.(q;pox)E2r(q + p)

 Now, we need to take the p?-derivative.

0, @)
VAR (a—anka,@wz (p))

p=po,k,p=0

* By writing the internal and external momenta as

q:(Q707O7"’)7 p:(pwﬂpy7p27°")7

the derivative takes the form

d
2y, = 1 Z i T (p)
2d - Op? k,p2¢p2

1

p=po,k,p=0
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LPA’ (driving terms)

e One obtains

OnZy = ———7— /q 3, (q; pi)Eg’k(q) 3kRk(q)( — 4q° (E2,1(q) (B 1.(@))* + E1.1(q; po) (B3 1.(q))?)

+E11(g: po) B2 (%) (A 1(9) + B3 1(9) + 20 (BT (@) + EX3(9)) ).

where one x superscript denotes one g*-derivative. Thus,

0 0?

Er(q) = 8—(]2Ez',k:(Q) =Zp + Ri(q), ES(q) = E; 1(q) = RY(q).

* For the Litim regulator, we note that
Ri(q) = ~ZxO(k* —q°),  Ri(q) = 50(k° — a°).
* The previous expressions simplify to

X XX Z]ﬂ
Ef(q) =0, Ef(q) = ﬁCS(kQ —q°),
Felipe Isaule
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LPA’ (driving terms)

* Finally, we get the simpler expression

800,k A1 / q’ Ry
Ol = — ’ 8kRk(q).
d q E%,k(CIQ;PO,k)ES,k(Q)

* After integrating, we finally obtain

8p0,]€)\% Sd lekd
d  (2m)* (Z 4+ mi 4 2 kpoe)?) (Zik? + mp)*

OpZp = —

* With this, we now have analytical expressions for all the flow
equations.
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Anomalous dimension

« We can extract the anomalous dimension 7 from the
renormalisation factor as

Ny = —k Ok log(Zy).

e At the critical point, the correlation function behaves as
1
>~

 Therefore, n is a critical exponent. Then, at small k, the
renormalisation factor should diverge as

G(p) n >0

L ~ k1,
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Flow examples (d=3)

Near critical point

L oat : I N :
I ] : 1 =1
1.061 T L 1
f | 0.020f ] 1=0.02

uy=0.0314054

Ny 1.04] | & 0015} u,=0.04
, 0.010}
1.02f :
* 0.005f
1.002 IIIII ; 0.000} lllllllllllllllllllll
-20 -15 -10 -5 0 -20 -15 -10 -5 0
log(k/A) log(k/N)

* We can extract the critical anomalous dimension by
examining the peaks of n very near the phase transition.

. QMC calculations report a value of n~0.036.

enbusch, Phys. Rev. B 82, 174433 (2010).

* Therefore, this simple FRG calculation gives a good estimate.
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Common strategy

* |t is common to rescale the couplings by their known scaling
(asymptotic) behaviour.

 |tis also common to follow the flow of n, instead of that of Z..

* This is related to the concept of fixed points.

T T , T T T T T T T If T !_ﬂ T T T ’i _i' " T ‘ T T T T
F / .r'; , \
i / i ;

A5 : y
/ /| Yy
| / ’,ﬂ ' ( \\,_\ :

\ /" //r;
/ g

| yrr 7 o

- \ / / / /,é
o ’ e ]
o _J_l_l_I_LJ_I J_LJJ_/L.J(JZL[ L-L,J_L_!_J_l_l NN 1
4] 2 4 6 B 10 12 14
X
Flows of rescaled p, and X\ for an O(4)-model. Figure take from
N. Tetradis and C. Wetterich, Nucl. Phys. B 398, 659 (1993).

* The critical exponents can be found self-consistently within
a chosen threshold.
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Dimensionality

* The DE works very well in three dimensions.

* Fluctuations become more important in lower dimensions,
but the DE still (somewhat) works in two dimensions.

* The Berezinskii-Kosterlitz-Thouless (BKT) transition can be
studied through a line of pseudo-fixed points.

0.5 . -
0.4}
0.3F ]
' s’
0.2} ~~~a. 7
" ! : f : — —
0.1} e
g B L T - B
t=Ink/A

lllustration of the flow of near the BKT transition. Figure taken from
M. Grater and C. Wetterich, Phys. Rev. Lett. 75, 378 (1995).
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Next orders of the DE

 Beyond LPA’, the next step is to consider

ule] = [ da [%[W(@P + 29w + Uilp(a) |

* The initial condition for the new coupling is Y,=0.

* Unfortunately, for this ansatz, the integrals cannot be solved
analytically with the Litim regulator.

 Therefore, we need to solve the full integro-differential
equations.

Lecture 2: FRG for the O(2)-model ICCUB (06/07/2026)



Next orders of the DE
* Within this new truncation, the two-point function reads

@ (q) = ((Zr+ Yipo)q™ +mi +2Aep0.k) 0
& 0 qu2 + mi '

- Z,..=2+Y.po. acts as the renormalisation of the Higgs
modes.

— acts as the renormalisation of the

* This explains why the flow of Z, needs to be extracted from the
Goldstone part of the two-point function.
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Next orders of the DE

* Further truncations include higher-order couplings

elel = [ da [Zk(p(x” V(@) + O G 0p 4 o))

2 4
where P U
un,k n
U(p) = Z y (P — po,k)"™;
n=0 )
Nmax,Z
, Z’I’L,kl n
Zx(p) = Z oy (P = po,k)",
n=0 '
NMmax,Y
Yn,k n
Vi) = >, —=(p—pox)"
n=>0 '

« At fourth order, one can obtain accurate results for the
critical exponents.

G. De Polsi, I. Balog, M. Tissier, and N. Wschebor, Phys. Rev. E 101, 042113 (2020).
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Lecture 2

2.
3.

4. Summary.

ICCUB (06/07/2026)
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Summary

 We have examined the use of the for the classical O(2)-
model.
* We have revised the general strategy to compute the

flow equations and solve the RG flow.

* Even a simple ansatz within the derivative expansion can
give a good qualitative description of the phase transition.

e Next lecture:

> Bose and Fermi gases.
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