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FRG for Bose gases

S. Floerchinger and C. Wetterich, Phys. Rev. A 77, 
053603 (2008).

N. Dupuis, Phys. Rev. E 83, 031120 (2011).
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Weakly-interacting Bose gas

● In the first part of this lecture, we will study the full quantum 
weakly interacting Bose gas. 

● Its microscopic action reads

● We will connect the theory to the s-wave scattering length. 

● Additionally, we will calculate thermodynamic quantities.
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Functional renormalisation group for Bose gases

● We recall that our aim is to solve the Wetterich equation 

with ΓΛ=S as the initial condition.

● Because this equation cannot be solved exactly, one needs to 
propose a truncated ansatz for Γk.

● We will revise a truncation within the derivative expansion.

ΓΛ=S

Γ0=Γ
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Ansatz for the effective action

● A common truncated ansatz for the Bose gas is

where ρ=ϕ†ϕ, and

is the effective potential. ρ0

Classical fields

● The couplings Zk, Sk, Vk, uk,0, m2
 k, λk, and 

ρ0,k depend on the scale k.



Lecture 3: FRG for Bose and Fermi gasesFelipe Isaule ICCUB (07/07/2026)

Effective potential

● The equilibrium condition is again

● Therefore,

● The physical phase of the system is dictated by the values of 
ρ0,k and m2

 k in the physical limit k→0.

ρ0

Vacuum expectation value

● The effective potential plays the same 
role as in the O(2)-model.
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Real fields

● It is again convenient to introduce real fields φ1 and φ2 as 
follows

● We can impose that the expectation value is developed in the 
real direction.

● As with the O(2)-model, after taking the functional derivatives, 
we can evaluate the background fields

ρ0
● Then, after taking the ρ-derivatives, 

we can evaluate at ρ=ρ0.
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Flow equations

● The flow equations are

● Again, when ρ0,k>0 we set m2
 k=0, and viceversa.

D
riving

 term
s
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Driving terms

● From the last lecture, we recall that the driving term of the 
effective potential is obtained from 

while that of the two-point function from
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Driving terms

● The two-point function evaluated at the background fields

where q=(ωn,q). 

● The regulator matrix and propagator are then

● In turn, the vertices are calculated from 
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Regulator

● In principle, one should use a regulator that regulates both 
momenta and frequency. 

● However, unless one requires high accuracy, one can use a 
frequency-independent regulator.

● As seen in the past lectures, examples include the exponential 
regulator,

and the optimised Litim regulator,
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Propagator

● For frequency-independent regulators Rk(q)=Rk(q), we can 
write the propagator as

where the regulated energies are again

and
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Driving terms

● The driving term for the effective potential is 

where

● We can solve the frequency integral analytically for any 
frequency-independent regulator.

● We do this before solving the flow.
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Frequency integration

● To perform the frequency integration, we must examine the 
poles.

● The denominators of the driving term will always be 
composed of det Gk

 −1.

● Thus, the poles are obtained from

● Therefore, these are

where q0=i ωn.
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Frequency integration (T=0)

● At zero temperature, we can perform the Cauchy integral.

● Thus, we calculate the residues from the poles in one half of 
the complex plane.

● For Vk=0, the driving term for the effective potential 
becomes
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Frequency integration (T>0)

● At finite temperatures, we must perform the Matsubara sum.

with ωn=2π n T.

● These can also be solved through residues.        
G. D. Mahan, Gerald D. Many-particle physics (Springer Science & Business Media, 2013). A. Nieto, Computer physics communications 92, 54 (1995).

● For Vk=0, the driving term for the effective potential 
becomes

● Note that for T→0 we recover the zero-temperature driving 
term.
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Momentum integration

● After doing the frequency integrals, we are left with simpler 
momentum integrals, as seen in the past lecture.

● In general, we need to deal with integro-differential 
equations.

● For the employed ansatz, the q-integrals can be integrated 
analytically with the Litim regulator. These are of the type

where Sd=2πd/2/Γ(d/2).

→ Differential equations instead of integro-differential ones.
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Initial conditions

● For the initial conditions, we set

● For μ>0, we obtain the following initial conditions

● Therefore, the flow starts in the broken phase.
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Initial conditions (two-body scattering)

● To connect with physical scattering, we renormalise the 
interaction coupling λk.

● We impose that the flow in vacuum (μ=0, T=0) recovers the 
known two-body physics.

● In three dimensions, this is

where a is the s-wave scattering length.
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Initial conditions (two-body scattering)

● The flow of λk  in vacuum (μ=0, T=0) is dictated by

where

● We note that in vacuum Zk=1 for all k.

● By noting that ∂kEs,k=∂kRk, we can integrate between k=0 and 
k=Λ. We obtain
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Initial conditions (two-body scattering)

● By imposing that λ0=T(2B) and using the Litim regulator, for 
three dimensions we obtain

● While this dictates the flow of λk in vacuum, we use it as its 
initial condition in-medium.

● Note that λΛ diverges at Λ=3π/(4a). 

● This is a constraint of repulsive interactions, as these can 
be seen as hard spheres.

● More generally, in three dimensions the flow should be 
restricted to

Hard-sphere radius
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Initial scale

● Nevertheless, it is important to start the flow above the 
relevant scales of the system

where

● Combined with the previous upper bound set by the scattering 
length, the flow is restricted to weak interactions.

Healing scale Thermal scale
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Physical inputs

● In summary, the physical inputs of the RG flow are μ, a, and 
T.

● The chemical potential and scattering lengths are 
incorporated through the initial conditions.

● The temperature is incorporated into the Matsubara sums.
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Flow examples (d=3)

Normal gasCondensate

Condensate

● The blue and orange lines show flows for condensed 
(broken) systems.

● The green lines show a flow for a normal (symmetric) 
system.
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Flow examples (d=3)

● At zero temperature, Zk converges to a finite value for k→0.

● Sk vanishes for small k. However, it vanishes very slowly 
(logarithmically). 

● In turn, Vk is generated (slowly) during the flow.

● Note that the changes (from the microscopic values) occur 
around the healing scale.

H
ealing scale

H
ealing scale
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Flow examples (d=3)

● At finite temperatures, Zk also converges to a finite value for 
k→0.

● Sk vanishes rapidly small k. In turn, Vk is also generated 
(rapidly) during the flow.

● Note that the initial changes (from the microscopic values) 
occur around the thermal scale.

T
herm

al scale

T
herm

al scale
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Behaviour of the renormalisation factors

● Sk vanishes for k→0 due to Ward identities. More specifically, 
the anomalous self-energy must vanish.       
A. A. Nepomnyashchy and Yu. A. Nepomnyashchy, Pis’ma Zh. Eksp. Teor. Fiz. 21, 3 (1975). 

→ The term with Vk must be generated during the flow.

● Nevertheless, at zero temperature Sk vanishes logarithmically, 
and the observables converge before Vk becomes important.

→ We can neglect Vk at d=3 and T=0.

● In other cases, Vk is important for obtaining good accuracy 
and stabilising the flows.
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Condensate and superfluid density

● The order parameter ρ0,k is also the scale-dependent 
condensate density of the gas.

● Additionally, the superfluid density (stiffness) is given by      
N. Dupuis, Phys. Rev. A 80, 043627 (2009).

ρ0

● We obtain their physical values from their values for k→0.
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Grand-canonical potential

● We recall that the grand-canonical potential is related to the 
effective action as

where

● Therefore, we can extract the thermodynamics from Uk→0.
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Number density

● The physical (number) density is given by

● Thus, one could calculate uk→0 for several values of μ, and then 
take a numerical derivative.

● Instead, it is more convenient to define a scale-dependent 
density nk and extract its physical value at k→0.

● We modify the effective potential to     
S. Floerchinger and C. Wetterich, Phys. Rev. A 77, 053603 (2008).

where δμ is an artificial shift to the chemical potential.

Number of 
particles per 

volume
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Number density (flow equations)

● The flow equations of the new couplings are

● Their initial conditions are

● Note that we must set δμ=0 in all the previous flow equations.

D
riving

 term
s
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Flow examples (d=3)

● At zero temperature we correctly obtain that n=ρs.         
J. Gavoret and P. Nozi`eres, Ann. Phys. (NY) 28, 349 (1964).

● We observe a small condensate depletion ρ0<n.
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Flow examples (d=3)

● At finite temperatures we observe that n<ρs<ρ0.         

● There is a larger condensate depletion.
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Flow examples (d=3)

● In the normal phase we observe that ρs=ρ0=0, but n>0, as 
expected.        
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Entropy

● The physical entropy density is given by

● Thus, we could calculate uk→0 for several values of T, and then 
take a numerical derivative.

● Again, it is more convenient to define a scale-dependent 
entropy density sk and extract its physical value at k →0.

● We do not need to modify the effective potential, as the T 
-derivative is taken directly over the Matsubara sums.

● The flow equation reads

Entropy per 
volume
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Pressure

● Finally, the pressure is given by

● However, this direct extraction of the pressure is often not 
reliable within the employed approximations. 

● This is because the calculation of the zero-point function 
requires the delicate cancellation of counterterms.     
J.-P. Blaizot, A. Ipp, R. Méndez-Galain, N. Wschebor, Nuclear Phys. A 784, 376 (2007).

● Note that the derivatives do not present this problem.

Zero-point
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Pressure

● We can calculate the pressure from the physical values of 
the density and entropy.

● From the Maxwell relations, we have that

● Thus, the zero-temperature pressure is obtained from 
integrating the density over the chemical potential

● Note that we have used that the pressure is zero in the vacuum 
P(μ=0,T=0)=0.
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Pressure

● Afterwards, we can calculate the finite-temperature pressure 
by integrating the entropy over the temperature 

● The energy density is then obtained from

● The energy per particle is then E/N=ϵ/n.
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Example (d=3)

● We obtain perfect agreement 
with the LHY corrections,
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FRG for Bose gases

● The FRG is able to describe Bose gases by correctly taking 
fluctuations into account.

● The low-temperature behaviour of Bose gases is already well 
described by perturbative approaches.

● However, the FRG enables us to easily examine higher 
temperatures and criticality.
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FRG for Fermi gases

S. Diehl, S. Floerchinger, H. Gies, J. M. 
Pawlowski, and C. Wetterich, Ann. Phys. (Berlin) 

522, 615 (2010).

M. M. Scherer, S. Floerchinger, and H. Gies, Phil. 
Trans. R. Soc. A 369, 2779 (2011).
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FRG for fermionic systems

● In fermionic systems, one works with Grassmann fields with 
anticommutative properties.

● The Wetterich equation takes the form

where the supertrace is a trace that adds a minus sign to the 
fermionic elements
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FRG for fermionic systems

● The functional derivatives are alternating derivatives from 
the left and the right,

● The integrals retain their form

where the fermionic Matsubara frequencies are 
ωn=2π(n+1/2)T.
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Fermi gas

● A balanced two-component Fermi gas is described by

where is the strength of the contact attractive interaction.

● In general, one introduces auxiliary dimer fields φ≃ψ↑ψ↓  
through a Hubbard-Stratonovich transformation

↑
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Ansatz for the effective action

ρ0

● The couplings Zφ,k, Sφ,k, Vφ,k, uk,0, m2
φ,k, λφ,k, and 

ρ0,k depend on the scale k. We keep h fixed.

● A common truncated ansatz for the Bose gas is

where ρ=φ†φ, and

is the effective potential.
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Initial conditions

● The initial conditions are

● Unlike the repulsive Bose gas, the flow starts in the 
symmetric phase.

● We impose that the flow in vacuum (μ=μv, T=0) recovers the 
known two-body physics

where in three dimensions

Two-body binding energy
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Regulator

● For the employed ansatz, we can use the optimised Litim 
regulator to solve the momentum integrals analytically.

● For the bosonic sector, it reads

● For the fermionic sector, it reads

where p2
 F=−2Mμ. This regulates the momentum around the 

Fermi surface.
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Flow examples (d=3, T=0)

● The FRG works well in the Unitary limit a→∞.
● The flow ends in the broken phase, as expected for a zero-

temperature Fermi gas.
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Example (d=3, T=0)

● The pairing gap is obtained from

● The thermodynamics are 
obtained as in the Bose gas.

● This simple ansatz can give a 
good qualitative description.

● Here we stress that the BCS-
BEC crossover is strongly-
interacting.

● Further truncations can provide 
an accurate description.          
S. Floerchinger, M. M. Scherer, and C. Wetterich, Phys. Rev. A 81, 063619 (2010).               
I. Boettcher, J. M. Pawlowski, and C. Wetterich, Phys. Rev. A 89, 053630 (2014).
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General strategy

● In many cases, the driving terms can be computed by hand.

● However, in general, one generates them with a symbolic 
computation language.

● These can be done with public available libraries      
M. Q. Huber, A. K. Cyrol, J. M. Pawlowski, Phys. Commun. 248, 107058 (2020).               
J. M. Pawlowski, C. S. Schneider, N. Wink, Comput. Phys. Commun. 287, 108711 (2023).

● The flow equations can be solved with standard numerical 
routines for differential equations. 

→ Sometimes one needs to be careful with stiff flows.
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Lattice systems

A. Rançon and N. Dupuis, Phys. Rev. B  83, 
172501 (2011).

A. Rançon and N. Dupuis, Phys. Rev. B  84, 
174513 (2011).
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Mixtures and polarons

R. Schmidt and T. Enss, Phys. Rev. A 
 83, 063620 (2011).

F. Isaule, I. Morera, P. Massignan, and B. 
Juliá-Díaz, Phys. Rev. A 104, 023317 (2021).

J. von Milczewski, F. Rose, and R. Schmidt, 
Phys. Rev. A 105, 013317 (2022).
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Nuclear matter

M. Drews and W. Weise, Phys. Rev. C  91, 
035802 (2015).

M. Drews and W. Weise, Prog. Part. Nucl. Phys. 
93, 69 (2017).
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Overview

● We have examined the use of the FRG for Bose and Fermi 
gases.

● The FRG is a powerful tool for studying strongly-correlated 
systems and phase transitions. 

● It beautifully incorporates the concepts of scales and 
correlations.

● However, it is generally limited to two- and three-dimensional 
systems.
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